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Navier-Stokes Solver for Hypersonic Flow over a Slender Cone
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A full Navier-Stokes code has been developed for predicting the aerodynamic properties of slender cones. This
code can simulate an entire flowfield of slender cones, such as boundary layer and vortices. An explicit upwind
flux-difference-split scheme combined with a multistage method has been implemented for solving the steady
axisymmetric full Navier-Stokes equations. Experimental data are found to be in good agreement with the code
predictions. This code can be extended to a multidimensional program for simulating the three-dimensional
practical problem.

Nomenclature
e = internal energy, J/kg
H = total enthalpy, J
M = Mach number
Pr = Prandtl number
p = pressure, N/m2

RB = model radius of the slender cone base, m
Re = Reynolds number
T = temperature, K
u, v, w = velocity components in x, y> z directions, m/s
V = stream wise velocity, m/s
x, y, z = Cartesian coordinates
g = deflection angle of shock wave, deg
7 = ratio of specific heats
Oc = half-angle of cone, deg
fji = viscosity, kg/s»m
p = density, kg/m3

r = shear stress, N/m2

Subscripts
x, y, z = partial derivatives
oo = freestream

Superscripts
i = inviscid part
H = viscous part
~ = dimensional quantity
_ = averaged quantity

Introduction

A ERODYNAMICISTS have been investigating the super-
sonic and hypersonic flowfields around slender cones for

years.1-9 Most of the studies have been performed by experi-
ment, due to the complexity of this problem and limitations in
computer capability. However, a few simple analytical and
numerical simulations have also been published at a later
stage.10 The wide Mach number range of the re-entry flight
profile and the relatively small and limited capabilities of
hypersonic test facilities have led to a greater reliance on
comprehensive computational methods for vehicle design than
on those methods that have been previously used in any other
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aerodynamic vehicle development program. In this paper, an
improved numerical approach has been applied for simulating
the complete flowfield, which includes the base region of a
slender cone at hypersonic speed. An explicit multistage up-
wind flux-difference-split scheme (Roe's scheme),11'12 coupled
with Tannehill and Mugge's polynomial correlations,13 has
been developed for solving the steady full Navier-Stokes equa-
tions. Discontinuities captured by this upwind method are
more sharp than those captured by the conventional central-
difference method because the upwind method introduces a
minimum amount of dissipation needed to prevent oscilla-
tions. This technique can accurately simulate the entire flow-
field of a slender cone, including vortices, and therefore it is
capable of being applied to numerical simulations in various
cone configurations, freestream Mach numbers, and Reynolds
numbers.14

Calculations have been made for the entire flowfield of a
slender cone. Those calculations have been compared with
experiments conducted by Bulmer,15 who had a cone with a
half-angle of 9 deg at Mach number 16 and freestream Rey-
nolds number between 3.0 x 105 and 5.76 x 106. The base
pressure obtained by the present computation has been shown
to be in good agreement with the experimental measurements.

Computational Grid
In this paper, the flowfield of a flight vehicle is simulated

with a spherical bluntness ratio RN/RB of 0.05, and a cone
half-angle 6C of 9 deg. The schematic of the vehicle is pre-
sented in Fig. 1. The grids for the study are 161 x 81 cells, and
they are generated by the algebraic method, Figure 2 is the
expanded view of the grid near the model. The stretching
transformation clusters near the wall of the cone come from
the family of general stretching transformation proposed by
Anderson et al.16

Fig. 1 Slender cone configuration.
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Fig. 2 Expanded view of grids near the model.

Governing Equations
The objective of this paper is to compute the entire flowfield

of a slender cone with a wide range of flight Mach numbers.
The present work simulates the axisymmetric geometry, how-
ever, the code has been developed to solve three-dimensional
full Navier-Stokes equations. The governing equation can be
written in a strong conservation form as

8U dF dG a& =

dt dx dy dz (1)

where x is the streamwise coordinate, y and z are the radial
coordinates, and
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where H* = E + P/p is the total enthalpy. The viscous stresses
and the heat fluxes are defined as usual.

The equations are completed by the equation of state and
constitute relations for the coefficient of viscosity and the
conductivity. The coefficients of viscosity in the preceding
equations are obtained from Sutherland's law. The conductiv-
ity is obtained by assuming a constant Prandtl number
(Pr = 0.72 for air). The polynomial correlations of Ander-
son17 have been widely applied to modify the state of equation
in the hypersonic flow simulation. In this paper the thermody-
namic properties are obtained by using the correlation equa-
tions,

p =p(e, p), 7 = 7(<?, p), T=T(p9p) (2)

For more details refer to Ref. 13.
The Navier-Stokes equations can be expressed in an integral

form as a finite volume with an enclosing surface. The integral
form can be expressed in terms of the changes in the average
state U in the finite volume.18'19 The surface integral becomes
a sum of fluxes over .the six faces of a hexahedron. Equation
(1) can be written in the normal flux form as

(3)

wher_e Fn is the flux normal to the cell surface, Fn = F cos
a + F cos /3 + F cos 7, and cos a, cos /3, and cos 7 are the
direction cosine of the nih face.

Boundary Conditions
To impose the no-flow-through boundary condition along

the surface of the slender cone, we first rewrite the boundary
integral of Eq. (1) in terms of the flux velocity defined by
uAx + vAy + wAz. Then we set the normal flux velocity for
the control volume along the cone surface equal to zero.

In the far field, a characteristic analysis based on Riemann
invariants is used to determine the values of the flow variable
on the outer boundary of the grid. This analysis correctly
accounts for wave propagation in the far field, which is impor-
tant for rapid convergence to a steady state.
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Numerical Methods
The use of upwind difference schemes for solving the Euler

and Navier-Stokes equations is becoming popular for several
reasons.11'20 For example, upwind schemes have natural nu-
merical dissipation, better stability properties, and more accu-
rate results. Furthermore, if techniques such as multigrid
strategy, vector and parallel architectures, and local grid re-
finement are to.be used, then the explicit scheme is preferred.
So the explicit multistage Roe's flux-difference-splitting
scheme,11'12'21 which can be applied to the conservation law
and can accurately represent the boundary layer, is then cho-
sen as the particular upwind method used here.

Discretizing the conservative form of Eq. (1) is useful for
analysis, therefore, Eq. (1) can be written as

(4)
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Fig. 3 Comparison of calculated and measured Pb/p<x> at R/
RB = 0.1 for the base region.
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Fig. 4 Comparison of the pressure coefficient Cp profiles between
ideal-gas model and corrected-gas model at x - 2.7, Moo = 16.

in which the flux vector can be expressed as the sum of an
inviscid and a viscous/conductive part:

F — F*rn — r (5)

The in viscid fluxes are approximated through a flux-split-
ting scheme (Roe's scheme), and the viscous fluxes are approx-
imated through central differencing.

The basic method of inviscid flux computation is essentially
the same for both grid-aligned and grid-independent schemes.
It is based on Roe's approximated Riemann solver22 for the
Euler equations:

, UL)\(UR-UL)

(6)

where UL and UR are the left and right interface states, and
matrix A is the Jacobian of F(U); \A(U) I denotes the matrix
with the same eigenvectors as A and the absolute value of its
eigenvalues. The eigenvalues of A are the characteristic speeds
U - C, U, U, U, U + C, where the carets refer to Roe
averages. Matrix R is composed of the right eigenvector A ,
and AF = R~1AU. Matrix A is the diagonal matrix of these
eigenvalues; IA I is computed from the diagonal matrix of
absolute characteristic speed. The modified absolute speeds
enforce the entropy condition that eliminates expansion
shocks and insures a smooth transition from subsonic to
supersonic.

Results and Discussion
Several mainstream speeds are solved in this paper, includ-

ing supersonic and hypersonic flows over a slender cone. A
series of those are used for comparison with experimental
results. The flow conditions for investigation in this study are
hypersonic flows at Mx = 16, and the cone boundary layers
near the base region are laminar for Reynolds number between
0.951 and 5.76 x 106. The base pressure Pb at the base radial
location (R/Rs = 0.1) was measured by Bulmer.7

Figure 3 shows the base pressure data, normalized by
freestream static pressure '(p^), in terms of the freestream
Reynolds number. The calculated slope of the pressure ratio is
in good agreement with the experiment.

Figure 4 shows the variation of pressure coefficient in the y
direction at x = 2.7 for both cases, the ideal-gas model and the
gas model with specific ratio 7 and temperature corrected, at
freestream Mach number M^ = 16. The computed deflection
angle of the shock wave for the ideal-gas model is 11.5. It is
higher than that of 1 1 .0 found in chart 5 of Ref . 23 at Mw = 16
and Bc = 9 deg. This is because the viscous flow, studied
currently, makes the effective angle higher than the geometric
angle. The deflection angle of the corrected case is lower than
that of the ideal-gas case. This may be attributed to the phe-
nomenon such as gas molecule dissociation that has already
been considered in the corrected case.

Figures 5a-5c show the Mach number contours, pressure
contours, and temperature contours, respectively, over the
slender cone at M* = 16, Re* = 6.0 x 106, and Tw = 200 K.
The upper parts of these figures are corrected by the correla-
tion polynomial, and the lower parts are shown for the ideal-
gas cases. Figure 6 shows the temperature contours at Mw = 3
with the same Reynolds number and freestream temperature
as in the cases shown in Fig. 5.

From Figs. 5 and 6, two observations are obtained. One is
that the Mach number contours and the pressure contours are
similar for two cases (ideal gas and correlation polynomial
correction) at any freestream Mach number. The other one is
the stronger effect on temperature contours for different
Mach numbers; such a conclusion had been obtained years
ago.17
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Fig. 5a Comparison of the Mach number contours between corrected-gas model (upper part) and ideal-gas model (lower part) at Mw = 16.
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Fig. 5b Comparison of the pressure contours between corrected-gas model (upper part) and ideal-gas model (lower part) at Mw = 16.
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Fig. 5c Comparison of the temperature contours between corrected-gas model (upper part) and ideal-gas model Cower part) at Af« =16.
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Fig. 6 Comparison of the temperature contours between corrected-gas model (upper part) and ideal-gas model Cower part) at Moo = 3.
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Fig. 7 Velocity vector field near the base region, Moo = 3.
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Fig. 8 Velocity vector field near the base region, Mw = 16.

Figures 7 and 8 show the velocity vector field at M^ = 3 and
16, respectively. Each vector shows the magnitude and the
direction of the velocity at that point. The boundary layer near
the wall is observed clearly. The phenomena of the base zone
are very sophisticated. From Figs. 7 and 8, coupled vortices at
the base region are observed. The velocity vectors show the
complex phenomena of the interaction of vortices. It is also
found that their directions are opposite and the strength of the
primary vortex is stronger than the secondary vortex. At

Mo, = 16 the primary vortex is so strong that the velocity
profile far from the base region is very different from the
velocity profile at Mach number 3.

A comparison of the streamline contours near the base
region is shown in Fig. 9. The upper part is for M^ = 3 and the
lower part is for Af« = 16. Figure 9 shows that, as the
freestream Mach number increases, the vortex velocity vectors
increase in magnitude, but the vortices' regions become more
restricted.
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Fig. 9 Comparison of the streamline contours near the base region, the freestream Mach number Af<x = 3 (upper part) and Mw = 16 (lower part).

Conclusions
The supersonic and hypersonic laminar flow over a slender

cone has been numerically calculated. The full Navier-Stokes
equations were solved by an explicit multistage, upwind flux-
difference-split scheme (Roe's scheme).

An algorithm has been presented for computing a wide
range of freestream Mach numbers and Reynolds numbers.
Numerical simulations have been made for Mach number 16
and Reynolds numbers between 0.951 and 5.76 x IO6. The
base pressures obtained by the present computation and the
experimental measurements are found to be in good agree-
ment. This provides the necessary validation of the newly
developed code.

Considering the future development of the multigrid strat-
egy, the application of the vector and parallel architectures,
and the implementation of local grid refinement, the code is
designed to have the good performance of extension. Numeri-
cal approaches, including the high-order total variation dimin-
ishing scheme, the appropriate turbulent model, and the
multigrid strategy, can be added to this code to obtain more
accurate results. The code must extend to a really three-dimen-
sional solver to solve the problem with angle of attack. Several
results obtained by the modification mentioned earlier have
been found to be a good match for the experimental data.
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